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479. 


THE SECOND PART OF A MEMOIR ON THE DEVELOPMENT 
OF THE DISTURBING FUNCTION IN THE LUNAR AND 
PLANETARY THEORIES. 


[From the Memoirs of the Royal Astronomical Society, vol. xxxix. (1872), pp. 55—74. 
Read January 12, 1872.] 


THE present communication is a seguel to my paper, “The First Part of a Memoir 
on the Development of the Disturbing Function in the Lunar and Planetary Theories,” 
Memoirs R.A.S., vol. xxvi. (1859), pp. 187—215, [214], and I have therefore entitled it 
as above, but it, in fact, relates only to the Planetary Theory. In the First Part, I gave 
in effect, but not explicitly, an expression for the general coefficient D (j, 7’) in terms 
of the coefficients of the multiple cosines of 0 in the expansions of the several powers 
(r? +r — 9rr' cos 0)-573, or say (a?+a?—2aa' cos0) *-*; viz, at the foot of page 208 
I speak of the term involving cos(jU+j’U’) as having a certain given value; the 
term in question is DO j’)cos(jU+ JU’); and consequently the expression for 
D(j, j) is | 
Pad E SEH 


DU Se 


the omission was, however, a material one, inasmuch as this expression for the general 
coefficient serves to connect my formule with Leverrier's development, Annales de l'Observ. 
de Paris, t. I. (1855), pp. 275—330 and 358—383, and I resume the question for the 
purpose of applying it. 

Formula for the general Coefficient D (3, 7’). 


In the First Part, the reciprocal of the distance of the two planets, or function 


{72 + r° — 2rr' (cos U cos U” -- sin U sin U” cos di? 
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is taken to be developed in multiple cosines of U, U', the general term being 
DU, J) cos (jU C7 U^), 


where j, 7’ have each of them any integer value from — oo to + (zero not excluded), but 
so that j,j' are simultaneously even or simultaneously odd. We have D (—j, —j’)=D(j, j’) 
and D(j,j)—D(j,7); and it hence appears that the really distinct values of the 
coefficient may be taken to be those for which j is not negative, and as regards 
absolute magnitude is not less than j'; and for such values of j, j we have the above- 
mentioned expression 


Dj, j) EE pe su Ro, 


which I proceed to explain and develope. 


II,(e—4) and IIs (z being a positive integer) denote respectively 4.3... (æ — +), 
and 1.2.3...2; in particular for æ= 0, the value of each factorial is = 1. 


m denotes sin 4 ®, 


The coefficients Rè are those of the multiple cosines in certain developments, viz. 
we have 
r*r'* {72 +r? — 2rr' cos(U — U’)}-*4= X Ri cost (U — U'), 


where, as usual, + extends from — o» to œ and R,*— R,'. Writing with Leverrier 
(a? + a? — 2aa/ cos H) 3$ 2 4 X A5 cos iH, 
ad’ (a? +a” — 2aa/ cos H) È= 4 X Bi cos iH, 
aa” (a? + a? — 2aa/ cos H)- $ 24 XC! cos iH, 
ata’? (a? + a’? — 2aa' cos H) *— 4 X Dr eos (H. 


then 2Rj, 2R,', 2Rj, 2Rj are the same functions of v, ' that Ai, Bi, Ci, D! respectively 
are of a, a. 


The expression of M;? is 


Mose. ` er EN LP 
II3 (z—j —9) I$ (z -j -- 9) Hà (z—j-- 9) H3 (z- 7 —S) 

and, finally, in the expression for D(j, j), 2 has every integer value from 0 to o, 

and, for any given value of æ, S extends by steps of two units from the inferior 

value — (æ —j') to the superior value a — j. 


It is convenient to write #=43(j+ )')+s; we have then $ extending from 
—i(j-j)—s to —1(j—j)-- s, or writing $——43(j7 —)--0, 0 has the s+1 values s, 
s—2, $—4,... —s$, viz. for s—2p--1 the values are +1, +3,...+(2p+1), and for 
8&— 2p they are 0, +2, + 4,... + 2p. 
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Making these changes we have 


BG. ye IL ($ (J+ I) + 8-4 Jem y pr-o p- 


ML. 2) 1G -3)-0 
II (1 (j 3) + 8} N KLS "` 3049s" 
where 
M99 _ II (p(j-j') +8} II (g (j +7’) * s] 
i-us (-) TT 3 (s yd 


A) HL U TT 540) 14 (s+ 6) E 3 (jj 4 s — 0) 


viz. this is (—)* into the product of two binomial coefficients, each belonging to the 
exponent 4 (j--j')-s. 


Particular Cases, j-r j' — O, 2, 4, 6, being those regwired ŵn the Plametary Theory. 


Considering successively the cases j-r j'— 0, 2, 4, 6, we have, first, 


We wr II, (s — 3) js mE IIs z m 
SU eee ae E 'Insa-e mire) iii 


d 


which, developed as far as 7°, is 
(*) D(j, -)7 147 


- g vi B+) 


mm 


, 2 


+ SA (00 4 4094044) 


1.3.5 s 
—-3 4 6 TEDT c RDA + 9D + Di) 


where, and in what immediately follows, A, B, C, D are used to denote functions (not 
of (a, a’), but) of 7, 7”. 


Secondly, 


aY TA FFY II (s+ 1) 
D(j, PS FT (ymn ` "Ws HT 


II (s +1) 


-j+1+0 
“Il; (6 + 8) Wd (e = 0) -- Ba, b 


which, developed to ap. is 


(*) Dj, -j+2) =r] S Bin 


CSC 7$ (207 + 20, 


5 e 
3.4.6: e 0D Ph + 35) 
C. VII. 65 
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Thirdly, 
EE T. Il, (s +: 21... Suë s | Il (s + 2) 
DG, -je9-Xqy 437-7 C*l WET eret 
Il (s + 2) d rar 
* GFO Ha 8) 4284 


which, developed to 7°, is 


en) g. j 
G) Däer ër: M a 
SE 
and, fourthly, 
EEN E E 
D(j —j+6)= Yr (sa 3)" a EW TEER Fd 
x ie o fe MAU 
14 (s+ 6) ER (s—0)4+3°> ata f’ 


which, developed to a. is simply 


(*) D(j —j+6)=7! UNI 


The foregoing formule, although obtained on the supposition j—O, or positive, 
apply without alteration to the case j- negative, and the entire series of terms of an 
order not exceeding 6 as regards 7 may be written, 


D(j, —j) cos (JU — jU’) 
-2D(j —j+2) cos(jU - (-j +2) U") 
+2D(j, —j+4) oos Ulf +(—j +4) U’) 
+2D(j, —j+6) cos(jU+(—j+6) U’), 


where j has every integer value from — o» to +. 


Comparison with LEVERRIER. 


This is in fact what Leverrier’s expression becomes on putting therein e =e’ =0. 
To verify this, observe that Leverrier having defined his A‘, DO Di, as above, writes 
further 


Ht = $ (B+ Bn), 

Gi = 3 (Oi + AC + 03, 

Hi = âr (Di? + 9D 4 9D + Di), 
Li EI i (C= ae Un 

S: = 18 (D* + 3D'3 + Dra, 
= th (D? + D™), 


) 
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(consequently E-*— Ei, Gt=G4, Hŵ>— HH, I—**— Ii, S-“**— Si, T-—T), and that the 
terms in question, putting in the coefficients e — e'— 0, are with him 
I + (11)! g? + (17 +)’ t+ (20 Val cos (il — 9X), 
((212) 4? + (218)! nt + (221)! n°} cos [4 — (i — 2) X — 277], 
(372) nt + (375) ai | cos [4 — (i. — 4) X — 477], 
{(449)' °} cos [i] — (2 — 6) X — 677], 
where, substituting for (1)', (11)', &c., their values, the coefficients are 
iA Eg Gv H 
=4 Ai ap. 4 (B Bro, Be (CO L AU + CPU?) — 95.45 (DI 4+ ODO + 9D + Dis); 
ag. A Bop. Ti+ S, = E BH — nt (3 US 4+ UH 4+ nt. 18 (DF 4+3D7 + Dn); 
n.g C — T, = mt. A OM — 918 (D L D); 


and 
a $ D$, 


Writing herein j in place of i, and for Aj, Bi, Ze, the equal values A77, B+, Ze, 
we have precisely the foregoing coefficients D(j, —j),... D(j, -j+ 6). 


The Development in Powers of e, e. 


The complete expression of the reciprocal of the distance is obtained from 
D(j, —j) cos (jU —jU') 
+2D (j, —j +2) cos (jU - (-j + 2) U’) 
+2D (j, —j- 4) cos (jU+(-j +4) U’) 
+2D (j, —j +6) cos (jU - (—j +6) U'), 


by writing therein for r, 7’, U, U’, instead of the circular, the elliptic values, that is 
the values 
r =a elqr(e, L —II) 4,29 (I Ed), 
r =a elqr(e, L'— II) WC (1-ba), 
U -I1— O +elta(e, L — 11), =I —O +f, 
U'-I/ -0 +elta (e, L'-I)), =W-0'+/’; 
L, II, ®© the mean longitude in orbit, longitude of perihelion in orbit, and longitude of 
node; and the like for L. II’, ©’; “elqr” =elliptic\quotient radius, “elta” = elliptic true 
anomaly; or, what is the same thing, if we write elta (e, L —II) — L — II - eltt(e, L —1I), 
and the like for elta (e. Z’—II’), then 
U =L -0 +eltt(e, L -Il), 2L —0 +y, 
U'-[/ — € - eltt(e, L'-Il), =L'-O'+y’. 


cs 

on 
| 

bo 
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The process for doing this is explained, First Part, pp. 205—207, [214], viz, writing 
r=a(1+2), =a (l- 4), and restoring 7’ (instead of its value —j, ...—j7+6, as the 
case may be), we have a general term 
1 Q[ja4 vat ANE CHE ES â Y rd as id 
Hz (55) (35) , DO. j).2* # cos [j (II — 0 f) +7’ (II' - 0’ - f£^)], 

where D(j,j now denotes the value obtained by writing a, a’ in place of rr and 
jf, f' are the true anomalies elta (e, L-—II) and elta (e, L'— II. And the second 
factor, 05 4'* into the cosine, is given as a series 

EX ([eos] + [sin]?) ([cos]" + [sin]") cos [i (L — IT) +7 (/ — I) +7 (I1 — O) — ' (X — 9], 
where [cos], [sin] are functions of e, [cos]', [sin] functions of e’. Or, what is better, 
the term a*a“ into the cosine may be written zz cos[j (L — O t- y) - 7 (D — 9' - y)], 
and the expansion then is 

XX ([cos]* + [sin bi ([eos]' + [sin]^) cos [i (D — IT) +i (Z/ — I) + (b — 9) +7’ (LL — 9], 
where as before [cos], [sinf are functions of e, [cos], [sin] are the same functions 
of é. viz the e-functions are those given in the two “datum-tables” (a^... a7) cosjy 
and (a9...a”)sinŷy, taken from Leverrier, which I have given in my “Tables of the 
Developments of Functions in the Theory of Elliptic Motion,” Memoirs R.A.S. vol. XXIX. 
(1861) pp. 191—306, [216]. In order to better show which are the symbols referred to, 
we may, instead of [cos]', &c., write Les cosy], &c., the formula will then be 


a*z* cos[j(L— 0- y) -j LU —6'ry)]— 
XS ([a* cos jy] 4-[a* sin jy) ([a'' cos Tat + e sin Duc? 
x cos [1 (L — ID) - ?' (L - I) - (5 — 9) -j' LC — 9); 
and if we attribute to 7, ? any given values, that is, attend to any particular multiple 
cosine, 


cos [i (L — IT) +i LL — 1) +7 (5 — 9) - j' (E —6O')], 
the coefficient hereof will be 


1 gets frg CR G Ro Mound AU ET E 
Z nette (a) a'e 3 DU, J’). Ua cosjy]'-r [2* sin jy]') (e cos TYT + le> sin7y]), 


where a, a” each extend from zero to infinity, but to obtain the expression up to a 
given order p in e, e. we take only the values up to a+a’ =p. 


Particular. Case. 
Thus, for instance, in cos [j (L — 9) — 7’ (L’—9’)] the terms independent of e are 
D(j, —3) (la? cos jy)? + [2? sin jy] 


1 d L Y Tene 
a (Z) DO, —j') lle cos jy] + [x sin ah 


hn 


+ &c. 
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which, observing that in the present case the sine terms vanish, is 


Í e et e8 
8 384 46080 
1 —8j? + 96 j* — 1280 j° 
— 547? 2 3920 j! el . D(J, rJ) 
— 34407? 
1 d 
+4 uad A EE GOH 1 " da j 
2 -96? + 19207 Geck, 2) 
— 1320;? r3 "(a h 
1 d 3 
3 d Lorat i 
+144 — 2880; CDM Ma (aa) i " 
Li fay 
+144 — 5760; TEN G (35) ? 2 
x S 1 E d 5 
+ 14400 La L ES (i 
E o ke "t 
4 14400 aub es i 
za) - 
0 i 7 da » 


viz. the term in e is 
e[- Prag, rìe(g) DG -): 
viz. writing »=0, and therefore D (j, —j) — 4 A, the term in e' is 
epee Eae (Sas 
which, conformably with Leverrier’s subscript notation 


d MEE HT dog 
Ai-iaz Ai, Aja (i) 4 &c., 
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I write 
eP KSL dH AT Se CEP AHEAD 41A). 


The term in question is given by Leverrier as (ie) (2), —e.l(2), h=i and K'— A', 
=¢.4(— 2? A+ A -A,'), which agrees. 


Similarly the term in ei is 


SW” l i 
sgg 007^ — 54j*— 48j*( h- HRC h+144( kriäéi )) 447, 


= pgg HHR 54°) 471 — 48j* 4,71 — 96 AI + 144A) + 144A), 
and the term in question is given by Leverrier as (4e)(4)—e.Jr(4) h— and 


Ki — Ai, 
= e de (1 (— HGL 16i*) 45 — i? Aj — 2i? Aj 344 344], 


which agrees. I have not made the comparison of any more terms. 


LEVERRIER'S Results expressed in terms of the Arguments, L' — &, L' - I, L-0, L —II. 


The angles which Leverrier uses in his arguments are V, X, o, c, and T, viz. 

we have, 

P — EI LU — 9^, 

A —-90'-(L —9), 

a —Q'--(II' — 95, 

o =0'+(II — 9), 

T — DI. 
where L, II, are the mean longitude of the planet m, its perihelion and the mutual 
node, all in the orbit of m; and similarly Z/, M, @’ are the mean longitude of the 
planet m’, of its perihelion and of the mutual node, all in the orbit of m. On 
substituting the foregoing values of V, X, &c., O', as it should do, disappears, and the 
arguments are all of them linear functions of L'— 9', I-08, L-0, lI—O; or, if 
we please, of L'- 0, V-m, L—@, L-—II, that is of the distances of each planet 
from its own perihelion and from the mutual node. It: is, I think, convenient to use 
these last angular distances, and accordingly in Leverrier's arguments, I write, 


| =0 4 (I/ —O'), 


c Bt ZE EA 4 (L — 9), 
e e ae GEL DEA 

oot mi. DU, p qos qud At yn ET 
c — O, 
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and for the purpose of reference form as it were an Index to his result as follows: 


Reciprocal of Distance = as follows : 


Terms of order zero: terms of orders 2, 4, 6, having the same arguments. 


U-e|r-w Lem Jd 
(1) CL. . 42285 4» | eds (here 0 -4 
(21) (4 e) (e 91.229 hl. i "PA | 57 fyd 
(31)! ($ e* (3 € DIVI. Je t-s d SH 1 x3 da: 
(35) ($e) (3 dm tod "ul A i way MER 268 
(36)! ($e n? c IL NEP o i 0 2449 ai 
(40) (3 e) ($e) n” UN u Km i EG lisha hoel 
(44) (be) n? (A4)... 47) T ^ i um ets d 0 
(a8)' ($e ($2) 9? CHW | Ae es d KC KW 
Gär (Game (49 .. 49) '".. | , | i a Bel YA (p 


Terms of the first order: terms of orders 3, 5, 7, having the same arguments. 


|U -e|U-w 


( 50) be c00:1.. * 05) 1: cos a 0 -i +1 
( 70) he’ Ome 5.1999 d 71 s i P | —âê 0 
(390871404: 2) | 4490 0. l. |» i x1.|.-4 n 
Goines (ivy. (100 inn 109 LI < i 23 TV T 
(ll0) (Pe) (ae). (110 .. 113) .. | , i yy (ae -3 
(Ay (eye (14... 17). A os i KÉ | 24 2 
(118'(Zej(3e) (118... 118) .. | ,, i déi al rs —4 
(119)' (Be) ($e) (119 .. 119) | a i ud T Zo —3 
(120) (3 e) a? (120 .. 129) N d SEA KC deg 
(130) G d) a (130 .. 139) T i SN Eessen Se 0 
(140)' < Pa? (140... 143) d i n'l rs gis ag 
(144 (Le (1&)q? (144. .. 147) E i a buen ae 
(148! (Ley (be) (148 .. 151)... |» i Lr La | bo 
(152y (3e) (Ben (159 .. 155)  .. | , i xg Fu Sege — 1 
(156) de (Lew (156 .. 159) .. | , i SE re ai 
(160) ($ e'n? (160 .. 163) d i PX Nr quo 0 
(164) (be) (be) (164. .. 164) i i EH "E C ad 
(165) (hey (bey)? (165 .. 165) L i id RA YEW eS O 28 
(160) (be (Łe) n? (166 .. 166) s i ES d or aid cci eee 
(1675 (1e) (bey'n (167 .. 167) 4 i ue C Ua A lat NIR 
(168)! (he)? gt (168 .. 168) " EN Ni ki 
(169) (Le) ($e) nt (169 .. 169) ` W^ <m 
(170) (3e) (Ie y (170 .. 170) ^ i gé) > bed tol, 
(171) (dra (171... 171) | A Kam Ae Eat 0 | 
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Terms of second order: terms of orders 4, 6, having the same arguments. 


L'-eL-1 L-9 L-I 


(172) (4 e? (112... ABR) AREN et U 0 — +2 
(182) (39) (bet, `. (089. jg e 710 nyd i KE ere +1 
(192) (4e? an |. Aaa a. 2 i 49 | AS 0 
(202) (eben (202... 205) .. | » i Li p i Ad 
GOEN el (em (206 .. 209) .. | » i 43 1-64 sc) 
Glo (3e (3e) (210 .. 910 .. |» i "ER DA 
(911 ae)» Gn .. a2) v... [os i ENG Me 
(212)! 4? eis hi mb TR i EK ve 
(222)! (he) (ee (292. .. 995)... | » i 4-427171 
(226) (he) (be) m (226 .. 229) .. | » i -1 | -3 1741 
(230y (L e)! 5 AER Mp 3 i O | -i+2 | -4 
(231)! (4e (Ae) (231 .. 9231 .. |» i —1 | -#42 5-8 
(232)! (hey (aem (232 .. 232. a. |, i PON ao NEA 
(233)! (Le) (bey? (233 .. 233) |... | » i 83 | -4dodilioe-] 
(234) (Le’)* 9? iasa |...) 894) SO e i ek A 
(235) (Me (Qe) (235 .. 235) .. |» i T2 UL yee} 
(2369 (4 e} (he)? q (226 .. 236) .. | , i Ex Ab e WU 
(237) (4 e 8 mar, i ed AOE i WN 
(238) (he) (Be) qt (238 |.: 9238) |... | 5 i -1 | -i+4 | -1 
(239)! (4 e yf [239 |... 998) 76. LUST i 24.) 458 RN VT 


(240) (3 e)? (240 .. 249) "e cos i 0 ER | +3 
(250)(3e)* (3e) (250 .. 259) di " i +1 — 3 | +2 
(260) (4e) (Ae)? (260 .. 269) de e^ i +2 -i ui 
(270) (3 e GIO .. 279) P is a +3 -i 0 
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Terms of third order (concluded): 


(Gage Oe ($e) (250 
(284) (pe) (94) (284 
(988 (9e) ey (288 
(290) (he P dir (290 


(300)! (4 e) v? (300 .. 


(310) Q ey 2) x? (310 
(314 Qe) K eha (314 
(318) (e)? (818 
(319) (à ele 9? (319 
(320) (e) dir (320 
(Gäre P dire (321 
(322) Qe) (dir (322 
(333) QePw (323 
(334! Qey ew (324 
(325) e)! c'h (325 
(326)'(he) nf (326 
(330) (Be) o — (330 
(334)! Qe) (pe) nf (334 
(335)! (be) Uer of (335 


283) 
287) 
289) 
299) 
309) 
313) 
317) 
318) 
319) 
320) 
321) 
322) 
323) 
324) 
325) 
329) 
333) 
334) 
335) 


Terms of fourth 


(336) (3 e)* (336 
(340) ge) (Qe) — (30 
(344) (4e (gd) (344 


(348) (be) ($e) (348 .. 


(352) (e (352 
(356) (ge) ($e) (356 
(357) ($e) (ep 


339) 
343) 
347) 
351) 
355) 
356) 


cos i +1 —4 

e i +4 —4 

A i +2 -i 

d i 0 2-442 
D +1 EIER 
x i -1 — +2 
e i +2 —i+2 
At i 0 P 
o i —l —i+2 
E i — 9 —442 
ji i Í —i+2 
3 i - d 24432 
s a -5 -i+2 
” H — 3 — At 9 
» i +3 —i+2 
5s i 0 —i+4 
» i —l —4-4 
a D! +1 —444 


cos a 
» a 
» i 
» i 
» i 
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Terms of fowrth order (concluded) : 


(358) (4e w (358 
(362) (del (362 
Geert ` (366 
(370) (e ($e)? (370 
(YR d ehe (371 
(372) op (372 
(376) (be) ge)n' (376 
(377) Qo e) (377 


"e U-WU| L-0 L-I 
358) A cos i 0 EE +2 
364) 3 ge i +1 —i+2 +1 
369) s> á i +2 EK 0 
370) es » i =I —442 +3 
371) wech - i +3 —i42 -1 
375) £5 » i 0 —i+4 0 
376) ER Ge i +1 -t+4 -1 
377) e? » i -1 —444 +1 


Terms of fifth order: terms of order 7 having the same arguments. 


(378)! (1e) (378 
(382) ($e ($e) (382 


(386) (ie) (he)? (386 L 


(390) ($e) c'h (390 
(394) ($0) Get (394 
(398) (2 ey (398 
(402) (Rey de) (402 
(403) Qe) ey (408 
(04) L s ` (404 
(408) (Le)? ($ e)n? (408 
(412) 1) (Le!) a? (412 
(ieren (416 
(420) Q e)* Qe) (420 
(421) (pe) Ge) (421 
(422) Qe)w (422 
(426) Ge) (496 
(430)! ($e)? Qe) v. (430 
(431) Qe) Ge) (431 
(432) (4e) — (432 


(433) (be) mt ` (488 


L'-e|7-m| L-0 L-H 


381) y'i cos d 0 — L +5 
385) aM 4 i +1 — A +4 
389) T T i +2 —4 +3 
393) * m i +3 -i +2 
397) i m i +4 L +1 
401) He h i +5 —i 0 
402) T tb i +1 -i —6 
403) "e e i +6 —4 -1 
407) T vw a 0 -i+2 +3 
411) 2 » i +1 -i+2 +2 
415) M á i +2 —i+2 +1 
419) M. E i +3 —-i-2 0 
420) pun i -1 -i+2 +4 
421) T 1 i + 4 -—i+2 -1 
425) «4 d i 0 LL Â +1 
429) :3 h i +1 —i+4 0 
430) ag » i -1 —-i+4 +2 
431) “a ” i +2 —i+4 -1 
432) S - a 0 — At D -1 
433) âd o a -1 SEL 0 
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479] FUNCTION IN THE LUNAR AND PLANETARY THEORIES. 
Terms of sixth order. 
E MN ATTE ONE: 
(434) (Dem (434 434) cos | à 0 | -i +6 
(435) (emie (435 435) 2 i jap) e 9 4 +5 
(436) (Le) (Ley (436 436) L d 02) *) Ge d m 
(437) (Ley (Łe) — (437 437) E d 48) | —ê +3 
(438) (emie (438 438) K d Ob} | a «3 
(439) (Le) (2 dy (439 439) S i ME |r Cod 421 
(440)! (2 e)" (440 440) s i RB) je Ate d 
(441) (4 ei (441 441) “ i 9) |: T 
(442) (2e) (1e) (442 442) d d 43 4. a— ag T (808 
(443)! (Le)? (2 y (443 443) b i emu ite 2 AD 
(444) (1e) (2 e) y (444 444) » i TT GUNT TN. DUNS 
(445)! (2 e) x? (445 445) ^ i ay | beg 0 
(446)! ( e? a (446 446) 7 d doo) Legend, off 22 
(447)! (13e) (Le)q* (447 447) d i £:3 794-3 0x Ch. od 
(448)! (2 e) o (448 448) : i T T5 Zeg 0 
(449)! f (449 449) e i Ox) -ise 0 
Terms of seventh order. 
Ew |2-W|(D 8n EH 
(450) (4 ey (450 450) cos | i 0^ E E 
BIT (4e (2 y: (451 451) ^ i la de +6 
(452) (Le) (Le? (452 453) d i Ts +5 
(453) (Le) (Łe) (453 453) " i S. Leg m 
(454) (ae) (le) (454 454) u i Fp DT. +3 
(455) (Ley U. (455 455) i i propia +2 
(456) (3e) (Gem (456 456) " i & [53 +1 
(457)! (2 ey (457 457) " i AN s 0 
(458)! (te Yn? (458 458) f i EL ST 
66—2. 
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Terms of seventh order (concluded) : 


(459) (1e) (2e) 2(459 .. 459) .. | cos} i RE US eee eee oe ore | 


(460) (Łe) (4 < (460 .. 460)  .. | ,, i Vs) Lë pes 
(461) (ae) (4e) n (461 .. 461) .. |» i ee: i|. caua £) (no 
(462) (3e) (Ley (462 .. 462) .. |, i 4) | "no 31 (75 
(463y (eo am i. W.R d we | eH 0 
(464) (A e s Bl v. A i 0) | ^S dw i| (ats 
(465) (e) (2e)n' (465 .. 465) .. | , i GER) | rd cs 
(466) Gei (e)n (466 .. 466) .. | , i goën) eae i) (Gu 
(467) (3 e? a (67-4. ANE LIE La i #3) | -iwà 0 
(468) (1 e) sf GE. CN. i 0) fy GB 1| GM 
(469) (2 e') sf E 2. Eso Fb i ab) ew 0 


Here the several coefficients are u'timately given in terms of the before-mentioned 
quantities A‘, PO Di, Ei, Gi, H', Li, Si, T! (functions of a, a’), and their differential 
coefficients in regard to a 

d WAX a 


ROTE L l 
LAR 0 g4 4/7 79% da 


x EM &c.) M 


as follows:—we have Leverrier, pp. 299—330, a list of functions (1), (2),... (154) of the 
form (1) 2 ART, (2) 2 — 2K’ + Kj L Kj, (3)2 — 20 I8 + Kj + Kj, Se, involving i, h, and 
Ki and its derived functions Kj, Kj, &c. The coetficients of the several cosines are 
given by means of the functions in question, thus, first coefficient, above denoted as 
(1) (1 ... 20), is 

= OUT + (2 (4 e) + (8) Ge)... + (20)' m^ 


where (1% 2 (1), (2) = (2) ... writing in the functions (1), (2)... (10), best, and K'— Ai: 
(11y < (1), (12y = (2), &c., writing h =i and Ki —— Ei, 
(20): = (1), writing  —i and K'=— Hi, 

and so on for the various component coefficients (1)', (2) ... (469). 


But the resulting expressions, for the several integer values ?— — 10 to +10, are 
worked out in the Addition II. (Numerical Tables for the Calculation of the Coefficients 
of the Development of the Disturbing Function), pp. 358—383. And this Addition 
contains also, indicated by the letters 8 and A respectively, the expressions of the 
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terms which experience an alteration in passing from the development of the reciprocal 
of the distance to those of the disturbing functions m upon m, and m upon m 
respectively. 


We have 


Disturbing Function m’ upon m 


r cos H ` 
mE L b anp +- 
Mb. p 
The expressions of a E nb a 1— TT. developed to the third order in the 


eccentricities and inclination, are given, Leverrier, pp. 272 and 274. Expressed in the 
terms of the foregoing arguments L'— O', &., and in terms of a, C in place of a 
and a, these are as follows: 


a NS f-wIL-WII-we[jw-udg 
r a 

aeu Fm TENE 
-l+ (e+e .. vis D 1 0 -1 0 
— ee ET LX 2 e d +1 +1 —]1 -1 
+e- łe? -že .. kh Ys xs ae 0 -1 +1 
—tet+tee*?+3e+ her? e S 2 AR DE 0 -1 -1 
—2e treie + 2654-20 e ra a +1 +1 -1 0 
— 3 gg v ^ A. on Gs BN RER WANTER ad 
tu ee? «a zi e ds T -1 +2 +1 -1 
— 2% ee? SR yd as erw y y TE ch i dy! 
Fe, f. £4 d A ERE 0 +1 -1 
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| 
z = —a into L-e|r-mi|z-e um 
T o | 
DE gege Un E EE d ba Be 
-4 e cos +1 0 -1 +2 | 
-ge GL wd He ee H HE ee 
+ 3 ee’ "e y SC T SN +1 +1 -1 +1 | 
— Le di E sd kec Tw ll [s 3] S Og. 
— 24g? "d - Y: e? 4 +1 -2 -1 Da 
— 7 mc P Sé Ba a +1 0 +1 0 
= rrë 0 
— ke 
- ] er 
— 19€ 
+ #1 ee” 
T 4 
— 18 ei 
- 4 e 
— 2 en 
, , | 
— =< into L-e L-m|L-e Z-H| 
T - i 
-l+}(+e")+7 .. R DN. 1 0 -1 0 
— ee.. ^ 13 Kb sg e +1 +1 -1 -1 
— 2 e + ee*r äer 3 ef A? rh H +1 0 — -1 
+ 2 ¢'—Ze%' —3e'y?.. T" wl T E +1 +1 0 
— et} teler 7 +1 +1 -1 0 
s ee Ae, S m Lt = +2 —1 -2 +2 
-27 ed sn T E M +1 TE ee ROE eal 
— 2 ee” Ae + Së ec E +1 +2 -1 -1 
+ 3 eu E s a “a ” ^ “ik +1 0 
— Ke M "ur s. VM h +1 0 -1 +2 
— 21 ei kee oe au 8 TA an +1 0 -1 —2 
+ 3 ee is, xs M. Ar N -1 | +1 +1 +1 
| 
-.$e Ks "un p S H Ym -1 +2 +1 0 


pE uuo a SE. Le 1l ee derer Se 
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| rcosH a | 


er T into l-e  L-mni|rz-e!|rz-mn 

1 — 2 6” Y. 2 n y cos | +1 439 -1 0 
Ey $ X A WEN y 1981 ren 0 
-4 e N De A ER ^ +1 0 -1 +3 
— A8 e af dac a G A Sg 
+ 81 Ce ir p di ei e -1 +1 +1 +2 
— ah, o'e e: ms 7 da ds +1 +] -1 +2 
— ł ee” Sg Pp. » -1 +2 +1 +1 
— de éi a'e i; o dé » | —l +3 +1 0 
= poe” a ¥ 4. fis H +1 +3 | -1 0 
WA ger YL AA QUE a 1. he] 
— 4 en? 5 +1 +1 +1 0 


It is hardly necessary to observe that, to obtain the expressions of the Disturbing 
Functions, these additional terms are to be combined with the corresponding terms 
in the expression of the reciprocal of the distance: thus, in the Disturbing Function 
O (m upon m), the entire term depending on cos[Z' — 0’ —(L — 9)] is 


=m {2 (1, ... 20); + Za (- 1-34 (e e*) 4 el cos ILL — 6') — (L — 6)], 


where, however, the supplemental term is taken to the third order only. 
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